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BQH — B.Q-\-z el T =1 Bco o% \/
Be+

ie.  (E¢ ., dve) CS% ot Fov teonm.

Tl’lm K :vx6®2 Kn ﬂ\’a@\eot -:p\H: cCpX.  wi Lleat? K
K (".Fw\‘te lewa‘l:l;\ VV\)
o —> @KP-H—) @KP-—)@-EF;@O

S.s. (Era dv) 3 HD ( K}

(1‘.2. Ex 4 Hp(k) egoal as '6va<1eal’ srours>

Given K= ra>° K% double cpx

eq. F > E L M —E(Bm bdl.
U=1Ud good coven

= cfOi'w ) = O™ Uiw)  d.8

ol o< <ol
% 7
i A=@Kk, Ke= K" %5
B = @ kp/Kp+1 (D on B ::C—\)Pol) do=12d
= Elz Hd(K) 2 d):jn ki =§ %
> E, = HsHa(k), dy=7
beE, = dib=o §E
ie.db=0 4 gsh=4dc b'*‘f
@
dzb = SC




= ES w/ Olz b =¢€c 1
ebe. =k

i o sl
T}WY\. GK‘. HD(K) p— @ E—oog~ Close torsion l'hfo\g'm).

P-ki:n
For fibon bdl.eg.  E* = CRU.HT)
EFY = HP(u.H®)
= HAMRRI(F)  if mMY=o
an = H.(E) (U\o to ":orsiov»),

ReranLt CaV\ incluclo. \"fnj ste. (we&ae ‘OVOJUC.":).

Eq. CP* H§IERR
8\ Sg CP H(S)Y=R o oo o R
_— > o v 2 3 a K
2 EX® = Hr(CP?) @ HY(S")

RIR{A,| B D oZdh=da= e
R IR |A |B |C|D
3

9 E o = H(S%) 9 Ea
—
IR R RIR|o |[R|ol|lR
R|R i RIR |o|R|o|R
19) | 2 34 p



= H(CP)=R o R o |R
w/ preduct str. (ncom")ora":eola H.(@fpz):m[uj/ug
Stmilocly,  H(€P™) = RLUl/u™"

GyShﬂ. SQﬁ(AQV\CQ Sk —_— E L M or:e (= no Mom&nom},)

2P,9. | (n-lko)
= HA(M)®H*(S") dis ALL othen d. =0

(n+L,0)
A
o\ L2V VA LV

n-kk n-k; kK drtl  _na, 0 n+1,0
= o Ex s BN A —» B0

H" " m) H™(M)

Alse 0— Em’ — H(E)— EX*"—o

Coyy\'ofne=> lonj exact seq.

oo HEY — H M) 25 R (M) = H™(E)—
Ty AC T



CH I Cpan-): )

O~ HIMUR)
H.(M;A) A '-Alaeliom 3¢ - eq. Z,S'.R,C .
(alse M 1 ANY 'bopo sp.)

Smﬁu\aﬂ HOMO‘Ogy X an)/ 'l',oPo. .Space,

S (X) > Z C: S, C é/\. Al‘)elian SP
S; : ‘Aﬁ. - X

3 800 2% g, .(x) ' =o
= H.(X, N)
MVseq. ( Take chain supp. in U 5 S¥(X) )
(~ MV w cpt  supp.)

Sin@ulom co\now\o\okgy
SQ(X) - HOW\(Sg_(X), ./\) w/ d =+ ads.(a)

= H(X. N,
Thm,  H(X.2) = HOLZ) 3 brangdabion on X

(:?3 ‘good’ cven vse .ss>

UMV. coe&f. -):km (3 nhon- Ccoan. cSPlf":)
Hq (X - A) = Hg(X)e A + Tor (Hau(X) 5 /L)
H2 (G A) = Hom(Hg(0, A)  + Ext (He (XD, A)

IV\ Pah‘l: CQ)M /Z
{ Free H* = Fee Hg
TDY‘ H& = TOY' Hi |



Tov / Ext ¥ A Abelian 3p-

0o—>R — F —m A—o

velation gen.

‘W
«free yesol™

~ ©—> Hom(A,A)— Hom(F,A)— Hom (R, AY— Ext(A,A)—o

6e— Tor (ALN) = R8N — FRA— A®A—oO

E)({ Z ZV\ TOT Z Zn
Z o o 7 o o
Z/vf\ Z/-yy\ Z(yn,m) Zvn & Z(yn,h)

Ex. Use Un-D—s Um— S™" 4 5.
to COW\PLAJCQ H (Un)) .

PQ'H'\ -Cflv‘rajcton ( senne Libration)
peX
Q. X— PX o,

Coy&mc“:iue
Eg. X=8" = HY{QSH =z ¥ 9

Yeason: ‘
| u g
da = Z\di
Z| Pz N 'bvivia\ Z Z
o a $) 5 9.
E. = Ex E.
Similanly, | oy ~ ZIxa deg % =an-1
‘ o HQS?) = £22 @2l dow e =2@ann)

H(Q 8™ = ZLul  degu=2an



Homo{oPy groups Tf:i(X , %) 3 o 2 (SL )= ()
Ulp ":o L\OW\O“ZO‘O)I.

3\-oup S'l:\f'. ® Abelian i'F a >/ 9~

HOU‘O( 1o wmru{'e, A MV anﬁumew\z: (Va"k“W\Peﬂ ':FDV‘ 0”')

F. >E —R \onj exact seq.
e b ) TR Me(B> Ty (= -

Simp)es{ space S T (S") = 7

%

T (S)
My (S')

s
% (use Zz—R —8' )

i H

Mg (QX) = Ta(X) ¥ 322

" (7]"(“(8“) =0 CPQJ‘%‘U’L 4 wniss nov‘l:l«, sl\ﬂ-n]‘ ‘{'«0 SOU{:L\)
Trn (Sh_)d—:'_s—)Z/. ( ned to cance|l #l. - P““"-)

~ nontvivial tope. anguments.
¢ 1 natwal 1 T (X)— Hq(X,2)
HMWlCZ TJ'\QOY'CM. X Pa.‘u\-cmm. ":opo sp.
(") Hn(X; Z) — 7“()()/ [Wu'ﬂﬂ A})elfa.nizwl:ion

(i) }5 X CWepx. & M=o,
Ten =0 > T = Hn,
Tt =2 Hn+i

Cor T (S") = Z.



Ea!

Considen OX — PX — X poth Libration

R i Ha(X) = H.(QX) (7 PX~s)
| £ » M TLAX) (2 MOX) Abekian ()

£
0= T&(X)
Similan Jor nx2.

12 1¢

Th=o

How about Ton (S7) 7

Hopf Lnvaniant Mz (8*) =2

HOP:F -}i\ara{c‘on ¢ —¢ —SCP =8

D o M (S M (S ) — M ()= Mga(8')— -
= ( jid S':Z) Ta(S) = Mm(sD = M (S) =Z
M, §'=o for 923

]

Describe H: m(s) =z
[§le m(s) 5 §:$—>8 7

Take 3emenod:ov [1] € Hir(S?) ol =z{udu,dus - usdu,dus+us du,du,)

duld(Izdu;:q"n' £l\d on ’R3

[§a] eH (D=0 "
=> d=do  Jwel(sH

H($ = 55;3 condeo
HC Mok Jibel?) = 1
H(S) = Lian’ns H  betwen :F‘Ca) 4 :F-‘(lo).

Genenalize H : 7T4h-: (San) —g’ Z
Fac’ct A” O'H'\en W(SM> one ‘&orston.



E(lenteﬂg— MacLaV\e spoces (Builolfnﬁ Hocks)
K(A, ;1) w/ { T (al addins kaw“e)
Tf;gn = 0

. H'(X.A) = [ X, kK(A,n)] (Obstruckion theory)

Eg
- K(z.,1) = S'

Kizxz.1) = OO

Cu.rv. (M)€oe => M = K (7. 1) (Mﬂ?’")

6.3. 32! Riew ann sun\-fa.ce

QK(A.n) = KA, n-1) (5 My (030= 1, (X)
Kz, 1) = RIP” (zz—e §”— IRH>°°)

¥
Kz, ,2)=CP (s'—e ng—%d:fP)

ss. =~ H(CP?)= zIx]

Similan :fov 00 Lens Spaces (0, 9)= k(zg , ])
EDegg Zg_\< Sl mSQV\-"\; S:m-u/g\:@")n; Szmn/Zg.:: L(n. )

. Z o= 0O, an+1\
$5.= '(L(n, ) = {21 c = 2%, ...2n

o othenwise

In \oaml,iculan, H(L(e0.2)a = R
K(Za, [)

— H. ( K ( 6,7\))@ — @ ¥ G 'l:oY‘Siovx A))elian group.



CH(k(Zm)g = Ak XN
(srqde& conmamn. 013.)

(um s 4 K(zn-d— PK@m— K(Z.7) )
%

. Hg(k(Z,B)):Z 00 2Z0 02 0Z, -
1 2

S s +

Pos-l:ni)eov Towen.
Tl’\eorem ¥ C\A/cpx X . M¥n

K(Trﬂv?’) K(ﬂ'z,z) K(‘Tl,l)

] X o= o Y S
X 7 e
fibra‘:ioh

induces  Tepa (O = Tt (Y,

ie. X is a‘({:wis{”‘aroo!uc\:. j__:;\: K (M), n).



TOol : At{acl\ing ce\\
[{: 7= X1 € M. (X)
Xs = X . "= Xuesw~u ¥ yeg”
X

Pﬂor. '7T<,\-‘(X) = ’Tr<h-\(><~})
Tt (X) —» M- (Xf)

PROP. H#cn—\)m(X) H;&cv\—\)m(X{)
o— Hn (X)'—) Hn()(f)""—) Z ﬁ* Hh-l(><)—> Hr\-l(x:f)_) o

10

(MV)

COY\S‘LY. ’P ‘\:owen:
('mmy c\«omge TMon+a
X - [51]6 T OQ ~— Xf kill it but presenve TMen )
Kill them off (no Mry)

Then  kill Ta(X) |, T 0O, -

= Y (T . 00)

k.n 7T>/n(Yn) = Yn-; =2 Yn
X CYV\C Yn-a N Y\

CConvent” to :F\' bration

X —T YV\—_> Yh'l_’ A Y\

Siben = K(mg (%), 9D ( L:\F::o{og{bx;;%ef 'Tl')



Remanléf up 'lro L\OMO'IZOPy 3 e\/ef\y map JX*Y
1S an Cnc‘qsu'on / Ofi\bef\\“nﬁ,

°|m:\us;‘on:
5 X — Y o —
Sk.e.

X — (Xx[o,\])uY/(x,;)«,{(x) @
= —

x — (x,0)

‘FiLQ/\l'Y\a (say :§=XCY)

h ¥:Co.1—Y T
€. Lo \\—
X ~ KY 2 ywoex @

(can sheink back e X)

BY— Y .~y
¥ o= YD

‘\OMO"ZOP] "Jo JC

T4 (S2) = Zao

3 b a.H:acl\fn cell of dim 2 €
C 4 N}
S ST CooKill Wae)

[ e HOO=H () —Z 5 M= He (X)—o
& /&6 d

f—

—P 'I'-owe”> ;,Lra%‘% K(m,4)— Yo — h A ( M (SH=0

E(ETBJD M (S$H=z
Recan Hikz3)=Z ooz ©o Zoz, ----
1 s st t



HOW\oloay S.S.:
Ea.

(/\J-F\j]’

| V)

K (m,4)

= T (S*) = Za

OOl show laten T (S?) = Za

(A);\i{'ej'\ea.oq Toweﬂ

 towen: Kill Mon
(]f). 'l:zu)e,n. K }(-“ Tan

Th m, 3 :S:iLral:iovxs

s —_— X > ... > X, >><
" ) 2 ) K(Tn_, o)
Xn K(Tn, n-1) K.

s.t. Trsn (Xh> =0
Ton (Xa) == Thon (X)

oo

No%e: X: = X mEEn
ac ce .
Conste: Use paé\m space. nstead o:F— a



77‘5(83) = Z
w.‘l:owen: Ka —4; Xz '_‘_>><z:><1zs:3

T (S*) = we(Xa) == Hs(Xs) =7

Huvw\' cz

Coh. s.s. Zf“ CP”— X3 —> $

2

1%\ —— dx»H =2 xdx
E2: 3 3 \I = &% U«
P 2|« AU T
) %‘N Xz i 3-connected.
° | " = AdX=u.
o \V 2 3
83

2 3 4 & ¢ 2 & a4 v

= H1(><3)=Z°° © © Zy © Z, 0 Zy o Ls
Univ. we{{. 'U/\m
= Hﬂ(x3)= Z o o o Zyo 20 Zyo Zse©

Homo[oay S.S. -For :
K(M,3)—> Xo —> X Kew [P
Azl I
T (S) ~ Z. (- Xa 4 -connected)

Recall: For K(Z..2) , Ha=0 4 He¢=2z,
= d: =z, —Z = Zeno map.
= HS’ (XH-) = Zz
s (S*) QED.
AY\O‘H’\QJ\ app). cf (D '};owen.t L
Senne thm: (DN odd > ‘Trg_(S Jg=o exept T
(2) " even = 'Tt'g CSh)Q =o e.xcor-'»t T,

Tlan-y
(Hopf map).



Minimal m odels
T.(X)a  Much easien ( from (Q.a.d))

(A.; A, d) d\:g: gr. comm. a\s. /R
:DQ)C /'( min. wmodel —f;v' A i;F

g-isom.
() M free . (O 3 SA=A L = on H
(iii) 1§ x eM Sewefoa"?ov, Lthen

dx €M AT (H'=DAHM")
Ceoll dece\mposalale).

./4’ \- covmec{’eA Ci.e. Ho-': R 4 H‘: o)
= 31" pam. M
(:Deligne- Gviﬂ:iﬂus -M organ- S’u”a‘van)

Thm MM=0 & A =pm of (QM),4,d)
=  dim 'Tl’i(M)& = % o:F Senama{:ors o\-F M
n dim 9.

Thm. £ M Kahlen, then (H(M),A)
determines M (hus Q-homotopy Lype of M .

23, d;mﬁTi(S’vS’)@ =0 a 3 a 3 ¢ _ .



Exo.mFlt’.’ . H.(Sah-’) + /\ [x] =D pam,
H.(S”‘) = ’pta]/a:z NOT Free
H=Newyy  $2¥E0 Yia

L M — Q8™

x +—> Vols

)’ —> (o]
H.(Cypn) — l’R[x]/%n-\-l
im X = dx=o
J{ = /\(’X«)’) 3:m;(::n+l d;(:_.“n.‘\-).

Chapjfeﬂ‘-l-. Characteristic classes
Recall: Eulen class

ovi R—=E—M w> e(E)e H'(M)

E

\%

1 Afa%wra\i%y QC*
e(§*E) = §el(E) i

SEE

j ) 2= Eru
M

Ax'aad x”
<recx50m: Af{Lm _ﬂ_ I'P"‘A 34 closed g 3| :e>
= ha{'uﬂo\li’ty _Jﬁov Thom clacs f

e(E, ® E.) = e(E.) 1 e(Ea)

(same  neason)



More classes for C"—E — M
- Un) < SO(an) =  oriented
CaV\ Cohsiden €( /\kE) or € ( Syv: E)

Ranks are veny lange exm\o% N°PE , a line bundle
( /\“—'E :(/\nE) ® E* . ess, ":L\e Sa.me.)

I'F E = )..n + L:. .|t ,—h . Sum o—g C-line Luhanes
e(E) = e(L)) - e(Ly) -~ e (L)

@(/\nE): e(Ll® L:.®"' @ Ln) e(L) on Ua
= e(L) +elly) 4o 4 e(Ln) | Z 57 Td(prddeg 3va)

(,Jri'\’.e Ck(E) := k%k elem. Symm. P°l>"" i Q(L«:),s .

" C(E) = 14+ c(E)+......... +¢n(E)
:qu (1+ e(Le))
T 1+ ¢ (L)
j.e.

c(E @ E,)= ¢(E)- ¢(E)

¢(EY=Z a(l:) = e(AE)
cn(E) =T ¢ (L) = e (E)

Con(E) = ©



|V\o‘eeo\ C(E) can Le er‘s-‘ineo( VM @-vecjcov Lunclle. E.
sa-lis-gyfnj (UV\{g_ue\r\ess /)

(f) Same as be—fore i—f E = SUVV\ D‘C lve L:o”s
(if) na—‘:uralf'\:y C(\-f*E) = 5* C(E)
(iii) wl\i{vxey Frocluc{: fovmula, C(E.+Ey) = c(E))- c(En)

9\ APProaclﬂesf
(1) Abelionizotion ¥ € —E —M , 3 :Y : X —M
sk, S*E = L, + L, *+* Ly oven X

+ 5‘*: H-(M> c > H.(X) ('—?S?\;‘H;;nj ';ﬁv\ciple)
(2) C/ass:‘fymj space 3 Univ. bdl. C"— T—Q@

AV O:n-—» E—M o3 :g' : X — R

S_“:_ E = 5;‘8 (_oV\‘y wuse na’l:unoﬂt‘l'y)_

Deafin{nﬁ C;\e/w\ classes

RQCOH "FO“' v = Cn (veﬂ)@ —> Vg
o—>S —_— _\_/_ --;G?_.) o J/ S m V
| |
PV~ P L & PV)

H(P7) = RLx1/«" Wy  x=e(S")



For ':Faw\ily C"— E —M
— P — [P(E) — M

Lef&]'HlfSCl‘\% (- H(M)® H'(IPH) as vector sr>
H'(IP(E)) = H(M)I%1 / %™ + Rot.  as H(M)-mod.

"".,8—’ W*E—»@—ao

wl\ere X = e(l*)

LT PE

In Fa/\-l:iculam, w: H(M) c— H([P(E)).
lnAeeal, ‘H«e rela%iom is sfvevx lo)/

'+ C(E)X 4 o (BE) XY 4+ Cn(E) =0
with  Cr(E) € H'(MD.  (WE=S+Q pashally gplit).

qu\/ rk\\/

¢ Sum of line bdl
i 'n*izg-t-&\ 'n"(;):\l,gz+(';)=l Lotoll 7 S{,e‘o_ TE = S48 +..+S,
r)<E.
M ——REB=M «—Ba(@=M" "~ M,
. g
Also HM) —— H (M

ﬁ Can \Ie/\io[\y all ProFQA'\:ieS,

Qemank= Can o!o all s{:eps a)c onhceé,
]'P"""{o W < (D"} dimW, = 1

= GL(n. C)/(ﬂi‘nl

L)()"\)/(_)(I)UCVl 1) (Ly cl«oos(nj mebeic)

{@=M@M}



Gra: Shmowvni on

Getk.n) =fo =Wk =€} = GLO a:)/(iiﬁ)w

={C =W, ew} = U(n)/ucwucn k)
Flag voniety
e = fo e clhe - =Wz @F=6LOL)Y(5)
= {C‘é S+ S, 4 Sng ~D /oM™

We= S+ S+ + Sk
Fami|y= (l:n‘_—> E — M
~s Bl — FLEDM
S B AR | ‘
W TESILBULS. 5w 2.
TDPO' 'W*E :'g +/X" MY +"y“ SLWA o-g line Lo“s,

P\"O\) SFQCC /Grassmanman/ FI j voni e )'

Un) un) Un)
v V-1 U(k)V(n-k) u)”
‘T;;(w = HOM(S,Q) s ﬂQ v

l
¢ (Tp) TC(S ® )
c(S*e @ + S 8)
c(s*® € Fm5= Tres®
— 1+ x)"

For C"— E—M

L »*
H'(P(E) = HMIIX1 / %"+ c(E)X" 4.+ cu(E) ™/ 278
= HM)[<(S) . c(@)] / c(s)- c(@y= T* <(E)

Tauto. seg.

H (FL(EN= H(M)I%, %1/ 0+ %) = e(E)
w/ X = Ca(,g?.;)
(Ovm’c =Classifyin3 Spaces).



